CONTACT PROBLEM OF ELASTICITY THEORY FOR NARROW REGIONS

A. N. Burmistrov UDC 539.3

The problem of die pressure in an elastic half-space is a classical problem of elasticity
theory. Its solution is a necessary component part of designing many objects in machine and
instrument building. Pressure distribution at the contact is found as a result of solving
a two-dimensional first-order integral equation with a polar kernel.

In this work, an asymptotic method is suggested for narrow contact regions making it pos-
sible to reduce this equation to a set of of two unidimensional integral equations. The of
first connects pressure distribution in the transverse direction with the transverse shape
of elastic displacement, and the second is an equation relating to the unknown load in the section.
An asymptotic approach makes it possible to substantiate the heuristic method for plane sec-
tions [1].

Analytical solutions have been obtained for two problems: contact for a die with an
elliptical relationship for width; contact for a semiinfinite die with a constant load in
each section. In the case of an elliptical die, with a flat base, comparison is carried out
for asymptotic and precise [1] results. The method suggested rightly embraces the first term
of the expansion for small parameter e (characteristic prolation of the contact) for the pre-
cise solution of the problem.

1. The problem of pressure for a die of limited dimensions in an elastic half-space
is reduced to an integral equation [1]
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Here g'(x, y) is elastic displacement, 6 = (1 — V%)/(ﬂEl) + (1 — v3)/(wE,); vy, vy, By, E,
are Poisson's ratios and elasticity moduli for the die and half-space; x and y are dimension-
less Cartesian coordinates in a plane obtained from dimensional coordinates by dividing them
by the L-characteristic dimension of the region ny of the contact; p'(x, y) is pressure dis-
tribution.

Let the contact in the coordinate system ¢, ¥ be narrow. It is assumed that z = z-
(0, ¥), ¥ = y(o, ¥), (¢, ) = Gyp and the reflection of Ggy on Gyy prescribed by these equations
is in a one-to-one way mutually without interruption differentiated with a functional determi-
nant not equal to zero. Then C exists such that |2g], lye!, Iyl el <<XC . In addition, it is
assumed that the following inequalities are fulfilled:
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Let, in variables of ¢ and ¢, region G, depend on & so that in variables u = g,
v = (¢ — V(9))./e, region G,y corresponding to Ggy, has the form G, = {{u, v} v <u< u*,
) < v vt} (V(e), v(w) are continuous functions). The limit of region Ggyp with

€ >0 is a line ¢ = V(p) which in future we shall call the skeletal line.

In variables u and v Eq. (1.1) is written in the form

p(E. W) dEd £ (u,
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where 1 = (z(u, v), y(u, v)); g = g'/L;p = 8p'd (2, Y)/d{@,P) . Tt is noted that in the left-hand part
of (1.3), just as in the right-hand part, there is, small parameter ¢ since 2,1, ly,] << Ce.
We introduce the notations a = max f*{u) — v ()|, R(w) = r(u, 0) (R{z) governs the hodograph

of the skeletal line). Let r==R(u) be a smooth curve. Then as follows from the Lagrangian
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finite increment equation there exists M > 0: [R(u -+ 6) — Rw)|<< M|8|] . It is also assumed
that m > 0, 8% > 0 exist such that |R(u -+ 8) — R(u)|>=m|8] for any |6§| < &%.

2. We obtain an asymptotic expression of the integral in (1.3) with € > 0 assuming that
p = 0(1) is a continuous function in G,y. We fix point (u, v) = Gy, uzut (see Fig. 1). We
select infinitely small v so that u — v > u™, u+ v < uf, v < %, ¢ = o(v), mv > 4/2Cac. We
present the 1ntegral in the form of the sum of integrals for the regions o, = G,, N{{v’, v):

' —ul<<v} (I and oy = Gw\oy (I,) , and in each term we separate the principal part. The fol-
lowing equation is correct:
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We transform the denominator cf the integrands:
le(w, ) —r(E )| = IR —R(E) + A+ B|, A=r(v)—r0),B=rE0—rEnm.

According to the Lagrangian theorem, the inequality [Al, B| < Dfiqu, is correct, by the use of
which we obtain
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Here the inequality  [R(u) —R(§) + A + B| > [R(u) — R(§)| — Al — [B| > mv/2 is used.

We select v, which until now has remained quite arbitrary, so that ¢ = o(v3). Then

PR D]
A > 0 with € > 0 uniformly for (§, 1) €w, . We designate q(u)= j plu, m)dn . In view

v (u)
of the continuity of p there exists Mg > 0 with |qf < Mq. Then principal part I, is given by the
expression

U—v
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In fact, since A » 0, the difference modulus for the right-hand parts of (2.1) and (2.2)
does not exceed (ut — u )M At{e, v) > 0.

We move to estimating integral I,:
u. ﬁ)zl’gdn MY —p(u, )
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Since p=0(1), Ip (& W)— p(, W) <w(v, p, G,;) (w is the continuity modulus for p at contact Gyy) and
according to the Cantor theorem w -+ 0 with € » 0, then the second integral in (2.3) may be
ignored in comparison with the first.

In region w, we write the maximum rectangle Q, = {(v', v): W —ul<v, v (u, vy <lv
<vf (u, v, where vy (u, v) = min v (u), v (u, v) = max v (u), uez[u-‘-v, u-+v]l. Due to con-
tinuity of the vi(u) the values of [vl(u, v) = vtu)|, jvi{u, v) — vT(u)| are asymptotically
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small. Then meas (0WQ.,) is asmymptotically small compared with meas (¢,), and this means that

p(u, n zl&dn _ p(u, v) d& dy
le 3 (“lru,v>~r§, ) (2.4)
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We transform the denominator in the right-hand part of (2.4) for (§, n) e @,. By using a
finite increment equation we obtain

As As
r(E ) =r(, n>+{R’(u)+<A)+( f)](&——u), (2.5)
¥ Ay
where A, =z, M —z (e, M) Ar—zulu, W—n(e, 0) 5 Ay= a8 )= yulu, )i By = yu(u, )
—y,(u, 0); &, & are points lying between £ and u. As follows from (1.2), the following

inequalities are correct: [Ayl<CCp™ [Ax|<(/1av28"2 [A, | << C v, ,A |<<C,avevs . Considering
(2.5) we find that r(§, n) = r(u, n) + R'@) + b)E —w), |b|<<C (v + a¥e¥e 4 Vs 4
a¥ee?t) -0 ,

We present the integral with respect to Qy in the form
ydE d
Jflr(fo(l:)y—]—rg(snﬂ S.Sp(u, [1r@e, v)—r s M~ (E—u) (R @) + b)| ™ — (2.6)

, - p (u,m) df dn
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In the right-hand part of (2.6) the first integral is asymptotically small in comparison with
the second, in view of the uniform smallness of |b|. Then, considering that |r(u, v) —r(u, n)l
is a value of the order of ¢ (since r,~g), by introducing the notation

() —rn), K@) o Je@o)—renp? (2.7)
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(s and t are of the order of unity) and by calculating the second integral in the right-hand
part of (2.6), we have

e -
S
| an. (2.8)

1
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Due to the fact that e = 0(v), values of (&=v —e)/(e V2 —s?) are asymptotically large. Then
by using the relationship arsh x = sgn x 1n (Z!XI) + O(X"z), x > », we find that the principal
part of the expression in square brackets of (2.8) equals 2In 2v(eV#F —s)]. By using the

asymptotic smallness of values ]v— - v i and substituting the upper and lower integration lim-
its by vt and v-, we find that

vt (u)
2
IIN_IR’—_(U)!_ j‘ P(u 7])111—_!7-;"‘:‘—(11] (2.9)
v (u) s
We transform the right-hand part of expression (2.2):
ut Uy ut

o
ds

I, ~f _a®)—qw) (9@ —q f dE . :
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(2.10)
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g () dg S dg g () 29w
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w u+v
ut
The first two integrals with € » 0 have the limit Tf—g—g%_;;]{—((—%—ldg, and the limit of the four
ut u—
; . 1 1 . A
subsequent integrals is q(u) v.p.5 {\R(g) R N E— }d&. Taking this into account and

w
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also (2.9), it is possible to write Eq. (1.3) in the form

e " o
2 2 qE—a® e
T p@mﬂmvﬁf?dn+mpy\ma_ﬁwls+
v (u) w” (2.11)
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It is noted that in the final equation there is no v (which during derivation is selected with
a reasonable degree of arbitrariness).

3. We write Eq. (2.11) for two coordinate systems.

A. An affine coordinate system ¢V . Let (e ey), (e,, €;) bases, such that the vec-
tors have unit length, and the following equations hold: e, = e, ey = e, cosa + eysina ; where
a is the angle between ey and e, . Then r = @g; + Pey, ¢ —-x-—-ycota, P = y/sine . Let also
V(g) =0 (the skeletal line is a sect1on lying on straight line ¢ = 0), and consequently,
R((P) _— Co®P . In thiswayp = 8 sin ap'. Since v=1/e, u =¢ , then r(u, v) —r(®, 1) = elv —
ney, R'(u) = ey, s = (v —mn)cosa, 2 = (v--1)°

Equation (2.11) takes the form

vt(u)
— 4(u+——u) (u——-u—)
v.p. S ) q Y dg + q(u)In o e = 2 P(uaﬂ)lnlv—nldnari(:"”), (3.1)
. 2(u)
B. A polar coordinate system x==1P00§¢, =1Psin . , Let the skeletal line lie on
a circle of unit radius. Then u =0, v = () — 1), R(u) = e, cos u + e, sin u, R'(u) = —e,  sin u
+ eycosu, ru, v)=1-+e)RE, rk v)—ru, n)=-cv—nRu), RE) — R(u) = (cos £ — cos u)e, +
sin £ —sinuw)ey,, s=10, = (v—ny) 1 : 1 _ 1 1
(sin § )ey "TRO-R@®| R (®)E—a] 2lsm§”” TE—ul
Equation (2.11) is transformed to
ut ut —u w—u vHw)
64 tg tg
vp.5~ﬂL€i&—d§+QWHn 4 5 4 = 2 5 (unHMu—nhm+-“u”. (3.2)
u— 2{sin= £ o)

We note one property of Egs. (3 1) and (3.2). It assumed that a solution for p(u, v)
is found with prescribed g(u, v), v¥(u). Then for any continuous function z(u) p,(u, v) =
p(u, v - z(u)) there will be a solution of the problem with g;(u, v) = g(u, v — z(u)),

v—(u) = vi(u) — z(u), i.e., distortion of the contact region with retention of the width in
each section, u = const leads to the same distortion for pressure distribution.

4. We study Eq. (2.11). If we subtract from (2.11) a similar equation written with
v = v®(u) = (vr(u) + v (u))/2, then we obtain an equation of plane elasticity theory:
ot (w)

2 £ (u. o° W), n) —s° (u, o° (w), M) 1 s 0
tﬂ’(unv_J:u)P(“’")hl\/ 0 MHWW A= lg, v)— g P @] 1)

which connects pressure distribution in each section u = const with the shape of elastic
displacements in this section. As a result of solving (4.1), p(u, v) is expressed in terms
of v (u), vt(u), q(u). By placing it in (2.11) with v = v°(u) we have a unidimensional equa-
tion with respect to q(u):

¢ (§) — g () 1 L 1 q(u) 4wt —u) (w—u") _
VP S TR(E — R<u>1d§+q‘“’f_dg{lﬂ(a—"ﬂ(u)l‘ II{’(u)(ﬁ—u)l}+ O © = .2
o v (w)
il 2 | bV EE P W, D= @ P @),
v7(un)
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Thus, the original two-dimensional integral equation breaks down into two unldlmen51on-
al equations ((4.1) and (4.2)) solved successively.

We consider the solution of (3.1). For an affine coordinate system, (4.2) is written
in the form of the equation

ot(w)

P, ) In ——ldn——— lg (u, v) — g, v W),
o {u)

whose solution is [2]

—n)(n—v7)

.V'
p(u,v)=—2”]/mj n—v

VT 0 = 98w, /o).
(4.3)

We place (4.3) in (3.1) assuming that v = v°(u), and we use a lemma [2] about substitution
of the order of integration in the integral in the right-hand part of Equality (3.1). By
4

using a tabulated integral [3] Si7£ﬂfi;-dx==nln.%. we find the contribution of the second
" —x

term from (4.3) in the right-hand part of (3.1):

o+
¢In|o® —q dn = g1n (u'*'-u")z’

f AV et —n) by —v) 10

=

(4.4)

The contribution of the first term from (4.3) is

¥
j‘gv(u DV ) m—o) “j‘ : "n)ly{'—;—% dn.

The expression in square brackets is found by means of residue theory and tabulated integrals [3]:

o
1 5 Inlo—o|dv sgn (1 — v%) { 1 [ —2°)
> — e 1 — —arccos | — 21— 3,
n’e hECER) V(v+—u)(v—u 81/ ) (v —v7) T ( (U+—V_)\)} (4.5)
Taking account of (4.4) and (4.5) the integral in the right-hand part of (3.1) is
ot oh
0
%jgv(u, n)sgn(nﬂv°)dn——ygou ) X S“n(n—v“)arCCOS( Tii—‘—”%)m (4.6)
i - D

The first term in (4.6) equals [g(u, vt(u)) + g(u, v (u)) = 2g(u, v°(u))]l/e. The second in
(4.6) is in the form of the sum of two integrals with respect to sections [v™, v°], [v°, vt],
which are taken by parts. As a result of this

| £, 07 @) — g, ¥ (@) — g 0, o= (1) + f i

——v u~v')

Equation (3.1) is written in final form

ut v (u)

g(§) —q(w 64 (;L"‘—u) (v —u™) ] 1 g (u, v)dv
v.p. | ———=dE + gl - e | = e - .
J_ I§—u] e e oy e B FVERE me V&* =) (o — o (w)

T (u)
Without any loss of generality it is assumed that uf = +1. Let the displacement g be in-
dependent of v and vt(u) - v (u) = 2/1 — u? (particularly in considering a die of elliptical

shape). With these ass ti , 2 ()
P e umptions p(u, v) n}/®+(u)—»ﬁ(v——v‘(w) and Eq. (4.7) takes a simpler
form:
1
q (&) — g (u 16 ( (4.8)
jwd +(](u)1n?=g8”). :
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This equation has a polynomial solution. We assume that g(u) = bqu + by-ulTt + L.,
+ b, and we shall find the solution of q(u) = aju + a,_,u?"* + ... + a,. We use the relation-
ship

1 et
S‘ |§§~_Z| v (; ) 2“n—-k n—h+1]'

Then in order to determine aj a set of linear equations is obtained

k n .

16 5§ 1 (— 1 41 by

IR D AT
( e 5;1 ! i=§1 1=k ! €

with an upper triangular matrix. In the particular case g(u) = const, q(u) + = g/(e 1n (16/ £2)).

2eF (-%, gV1 — 82) v

is a first-order complete elliptical integral). As follows from [4], with € > 0, F~cln (4/¢)
Thus the accurate and approximate solutions are asymptotically close.

For an elliptical die with a fliat base, there is an equation [1] =

We study the case of unbounded regions. Let G,, = {(u, v): =0, v — )| <<du)} . We
shall consider the equation

limjj‘ \ [ ! — ! ] = £
T-se0 an(g K V-0 ré w—n* V- +e 6’ 1—np =" (4.9)
where G, =G, N {(v, v): uLThiv=yle; u=2zx(z,y are rectangular coordinates). Without con-
sidering the second term in square brackets under the integral, the limit in the left-hand
part may be considered infinite. Presence of this term leads to subtraction of an "infinite"
displacement at fixed point (u, v) = (1, v°(1)).

The expression for the integral in the left-hand part of (4.9) for fixed T is obtained
from (4.7) with u” = 0, vt = T. Then (4.9) is written in the form

T T
lhn{yfq?-—q 1) dE — s q$l__ d§4-q001n5i1____ g(1)1n
0

T—1 du) d(D g
Jim i 0 } = 2¢ (u) In 4 29 (1) In—— .

We shall take a solution of (4.10) with q(u) = const. Then lim {'mu +in = }— 2g1n 3%) pE
T-w

By solving this equation we find the halfwidth of the contact region d(u) = d(1) vu exp [—g(u)/
(2gqe)]. 1In the particular case g(u) = 0 d(u) = d(1)v/u (generally speaking the contact is para-
bolic in shape with a curvilinear "axis")

Tt is noted that Eq. (4.7) has a class of accurate solutions with q = 0 on condition
that g(u, v) with fixed u is in the form of a sum of an uneven function for the argument
2(v ~ v%)/(v * — v7) and a linear combination ofChebyshev polynomials (excluding the zero- -order
polynomial) from the same argument. It follows from this that the integral in the right- hand
part of (4.7) equals zero under these conditionms.

The procedure for obtaining (4.7) is also directly carried over to the case of Eq. (3.2),
which may be written in the form

ut ut —u u—u ‘ vH(u)
.S‘ q (g) —4q (u) dg + q(u)ln 1024] tg 4 tg 4 | — Jl g (u, U) dv
u— 2}sin E’—z— it (0 () — v~ (@) e® () Virw—vo)b—v ()
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